We report an investigation of a system of N globally coupled maps able to support multiattractors. For these systems the mean field dynamics is controlled by the number of elements in the initial partition of each basin of attraction. This behavior is in strong contrast with coupled systems of maps with a single attractor, where the mean field dynamics is usually simple for weak couplings. In spite of the increased local complexity, the global dynamics can be reduced to a simple two-dimensional map up to the first bifurcation point of the coexisting attractors. ͓S1063-651X͑99͒50601-6͔ PACS number͑s͒: 05.45.Ϫa
Coupled map lattices ͑CML͒ provide perhaps the most popular type of complex dynamical systems for studying the generic properties and basic mechanisms of spatiotemporal chaos ͓1͔. There are two extreme classes of CML's which differ fundamentally in their behavior. The first type is constituted by systems with short-range ͑typically nearestneighbor͒ interaction, and low-dimensional ͑1D, 2D͒ lattice architecture ͓1,2͔. Its main feature is a fast decay of spatial correlations that leads to the convergence of statistical averages for N→ϱ. The second class is constituted by systems with global interactions, where the basic model introduced and studied extensively by Kaneko ͓2-4͔ is the globally coupled map lattice ͑GCML͒:
Here n is a discrete time time variable, f (x) is a map prescribing the local dynamics, and iϭ1, . . . N is the index identifying the elements. An analogy with globally coupled oscillator systems is pertinent ͓5͔. In globally coupled systems, the absence of relaxation towards statistical equilibrium is one of the principal differences from the case of local coupling. That such a behavior is a consequence of longrange coupling was convincingly proven by Chaté and Manneville ͓6͔: They found that in locally coupled highdimensional lattices, where the coordination number can be very large, spatiotemporal chaos takes the form of nontrivial collective behavior without stationary probability distributions. By far, the most extensively studied ''standard model'' of GCML is based on the logistic map f (x)ϭ1Ϫax 2 ͑x ͓Ϫ1,1͔, a͓0,2͔͒ as the local element in Eq. ͑1͒. The rich dynamics of this system is relatively well-known from numerical simulations ͓2,3,7͔, even some rigorous analytical results have been recently obtained for the weak coupling limit ͓8͔. A few extensions of the standard model by introducing heterogeneity ͓9͔ or noise ͓10͔ also attracted recent interest as realistic models of complex phenomena in physics ͓1,5,7͔. Here we introduce an extension that reveals a striking feature: The partition of initial configurations ͕x i (nϭ0)͖ can play the role of control parameters in determining the global dynamics.
Similar to GCMLs, other complex systems can also possess a large number of coexisting attractors, like the mechanical rotor model studied in detail by Feudel et al. ͓11͔ . The common property of such systems is the so-called multistability, i.e., the existence of several different long term asymptotic states. Examples can be given from many fields, such as neuroscience ͓12͔, chemistry ͓13͔, optics ͓14͔, or condensed matter physics ͓15͔. Our GCML proposed here can be considered as a prototype of multistable systems, and its simplicity can help a lot in the understanding of multiattractor dynamics.
The local map for Eq. ͑1͒ in our investigations is the restricted quartic map which is simply the second iterate of the logistic map:
The generic quartic map f (x)ϭ1Ϫa(1Ϫbx 2 ) 2 has a single variable but two control parameters, and has a very complex stability domain structure, investigated in detail by one of us ͓16͔. The restricted form of Eq. ͑2͒ preserves the basic bifurcation structure of the logistic map in parameter space, however, in sharp contrast with the logistic case, it displays two coexisting stable attractors ͑Fig. 1͒. The boundaries of the basins of attraction are given by the unstable fixed points Ϯ(ͱ1ϩ4aϪ1)/2a. Internal crisis ͓17͔ occurs when the unstable fixed points coincide with the attractor, resulting in the ''explosion'' of the chaotic amplitude ͑see Fig. 1 , at a bm Ϸ1.543 65 . . . , which is also the band merging point for the logistic map͒. For parameters aϾa bm the two attractors seem to be identical, i.e., numerically indistinguishable, but mathematical continuity ensures that individual trajectories starting from different initial values cannot overlap.
The separation of the basins of attraction obviously suggests that the mean field dynamics should depend strongly on the initial configurations. Indeed, the GCML with quartic maps can be forced to follow for a while either the top or the bottom attractor by a suitable preparation of the initial val-
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PHYSICAL REVIEW E JANUARY 1999 VOLUME 59, NUMBER 1 PRE 59 1063-651X/99/59͑1͒/28͑4͒/$15.00 R28 ©1999 The American Physical Society ues; see Fig. 2 . Here the mean field h(n) ϭ(1/N) ͚ iϭ1 N f ͓x i (n)͔ and the average maximum Lyapunov exponent ⌳ϭ(1/N)͚ iϭ1 N i are plotted for coupled logistic and quartic maps too ͓18-20͔. We could identify approximately the same dynamical ranges for the coupled quartic maps ͑coherent phase, ordered phase, partially ordered or glassy phase, and standard chaotic phase͒, as described in details for logistic maps ͓2,7,10͔. In Fig. 2 , arrows indicate where the first clustering instabilities arise, next we analyze this question in more detail.
Clustering is one of the most common phenomena in GCML ͓7,21-23͔. The critical stability condition of a coherent state, where all of the elements are moving fully synchronized, is explicitly given ͓21͔ as ϩln(1Ϫ⑀)Ͻ0, where is the Lyapunov exponent of the elementary map at the given parameter a. Note that this condition is generally valid for any coherent state, whatever its motion, periodic or chaotic. If the stability condition is not fulfilled, the system splits into a given number of clusters, where in each cluster the state variable of the members is identical. The first clustering instability in coupled logistic maps is fixed by the parameters a and ⑀ ͓Fig. 2͑a͔͒, but not the size of the clusters. Different initial configurations can result in different number of elements in the two clusters ͓23͔. In a two-cluster state, the global dynamics can be reduced to a simple two-dimensional map ͓21͔; however, reduction is possible only after the system has fallen onto two clusters.
The situation is rather different with quartic maps, since they support multiattractor local dynamics. Map ͑2͒ has two coexisting attractors with well defined basins, a given initial configuration determines the first clustering instability; see Fig. 3 . Furthermore, the following reduced two-dimensional map ͓21͔ gives a very good approximation for the collective dynamics:
Here X n ↑ and X n ↓ represent the clusters on the top ͑↑͒ and the bottom ͑↓͒ attractors at time-step n, and ⑀ ↑ ϭk⑀ and ⑀ ↓ ϭ(1Ϫk)⑀ are the effective coupling constants for a partitioning kϭK/N. The mean field is then simply hϭkX n ↑ ϩ(1Ϫk)X n ↓ . In Fig. 4 we show how the first clustering parameter a c depends on the partitioning k for several coupling constants ⑀ and system sizes N. There is a critical ratio k c , which separates the common attractor for aϽa c : At k Ͻk c , the coherent state settles on the bottom attractor, while at kϾk c on the top attractor. Note that the weight of the two attractors is rather different. The critical ratio k c ϭk c (⑀) Ϸ0.57Ϫ0.62 and the higher slopes at kϽk c show that the bottom attractor represents a ''deeper minimum,'' by using 
FIG. 2. Average Lyapunov exponent ⌳ ͑᭺͒ and the mean field h
͑ϫ͒ as a function of the dynamical parameter a, for ⑀ϭ0.1 and N ϭ1600. Five hundred values of h are plotted after discarding 50 000 iterations. The average value and the standard deviation for ⌳ were determined in 50 000 steps after discarding 50 000 initial iterations. Arrows indicate the first clustering instability. ͑a͒ Logistic maps, the initial values were uniformly distributed random numbers in the range of ͓0,1͔; ͑b͒ quartic maps, initial random values are in ͓0.5,1͔; ͑c͒ quartic maps, random initial values in ͓0,1͔.
an analogy from two-state systems. Since the mean field attractor from a randomized initial configuration is always different from that of the elementary map, the results of the direct simulations show a slight systematic deviation from the reduced map representation ͓Eq. ͑3͔͒, see the nonlinear curves at kϽk c for the coupled maps ͑symbols in Fig. 4͒ . For the same reason the functional form of a c (k;⑀) is not universal, although a partial data collapse can be obtained for kϾk c by the transformation a c →(a c Ϫa 2 )/⑀, where a 2 ϭ0.75 is the first bifurcation point for the logistic map ͑see Fig. 4 , inset͒.
The two-dimensional reduced map approximation breaks down at the second clustering instability, which occurs at a Ͼ1.3 ͑cf. Fig. 3͒ . A higher order cluster expansion, e.g., a similar one which was successfully developed for local coupling in Ref. ͓24͔, could provide a proper description for small number of clusters, but in the chaotic range at weak couplings the number of clusters can be comparable with the number of elements itself. In our system, however, there is a rather wide parameter range of local chaos with simple global dynamics. Next we analyze this case.
It is known from studies with coupled logistic maps that different partitionings even in a two-cluster state can result in different dynamics from periodic to chaotic, considering the motion of the single elements in the clusters ͓7,21-23͔. The mean field dynamics, however, remains usually simple in the sense that the amplitude distribution of the mean field fluctuations is Gaussian ͓4͔. The width of the Gaussian is decreasing with N up to a given critical size N c , where the emergence of coherences leads to the apparent violation of the law of large numbers ͓25͔, discussed in detail in the literature and explained by Pikovsky and Kurths ͓26͔.
The success of the reduced two-dimensional map description seems to suggest that the system of globally coupled quartic maps has a simpler dynamics than a GCML with logistic maps, at least in the parameter range where the basins of attraction are well separated. However, as we have shown already, the two attractors of the quartic map do not have equal weight in the formation of the global dynamics. This asymmetry holds also in parameter ranges where the internal dynamics of the top and the bottom is more compli- cated than a simple fixed point. Thus we expect that the collective attractors realized at the top and at the bottom can be different depending on the global coupling and the number of sites N. Here we illustrate that this is really the case. Figure 5 shows a representative bifurcation diagram for the mean-field dynamics as a function of partitioning of the initial configurations. We emphasize that the separation of the basins of attraction for the collective attractors is very good, yet, riddling ͓19͔ begins at around aϷ1.74 for the given coupling ⑀ϭ0.25 ͓20͔. Accordingly, the global dynamics can be chaotic, pure periodic, and any mixture of them, and the only apparent control parameter is the number of elements in the different basins of attraction.
In summary, we have shown that the global dynamics of our simple coupled multiattractor system can be effectively controlled by the partitioning of initial configurations in the different basins of attraction. We emphasize that this partitioning does not require a very precise preparation of initial values, in this sense the dynamics is not sensitive for small amplitude noise, like other multistable systems ͓11͔. 
